I. INTRODUCTION
There are some interesting speculations on the interaction of hadron matter at relativistic energies, such as the energies now available at Bevatron up to 2.1 GeV/nucleon.
1 Due to the large coherent aggregation of nucleons in the colliding nuclei, a state of enormous energy density may be obtained, where many species of hadrons and mesons may coexist.
Aside from this speculation, the properties of nucleus-nucleus scattering are of interest in many fields, such as cosmic ray physics, particle physics and also nuclear physics.
In cosmic ray measurement, the secondary beam resulting from collisions of the primary cosmic ray with atmospheric nuclei must be separated out in order to study the composition of the primary cosmic ray. Such correction to the data requires a detail knowledge of the interaction length and fragmentation of nucleus-nucleus collision.
2
In terms of "nuclear democracy", a nucleus with A nucleons is just an elementary particle with baryon number A. It is therefore interesting to study the particle physics aspect of nucleus-nucleus interaction. If the asymptotic region is attained, then a test of general concepts, such as limiting fragmentation, facterization, and diffractive dissociation should be possible.
However, these reaction phenomenons usually require change of many degrees of freedom of the system; their detailed treatments are quite complicated.
In this report, we shall study a simple aspect of heavy-ion collision,
i.e., the elastic scattering, which involves minimal change of degree of freedom. In keeping with the "nuclear democracy", our main interest is to see whether the nucleus-nucleus elastic scattering could be interpreted as sim~le hadron, e.g., proton-proton and pion-proton, collisions. It is well known that high energy elastic scattering atsnall angles generally depends only on the ') -2-
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matter distributions of the colliding objects. For nucleus-nucleus collision, the diffraction peak in the differential cross section, as we shall see, is surprisingly independent of the detail of the matter distribution. To demonstrate this point further, we compare our results to the extreme case of a sharp cut-off model, where interaction takes place only within a cut-off impact parameter. We also predict a scaling property in heavy-ion differential cross sections, which is compared to proton-proton and proton-nucleus scattering measurements.
II. BASIC FORMULATION
High-energy hadron elastic scattering from the nucleus has been.quite successfully interpreted in terms of the multiple-diffraction theory of Glauber. 3
Recently the Glauber theory has been generalized by Czyz In this note, we would, however, like to take a slightly different point of view concerning nucleus-nucleus scattering at very high energies, although the formulation itself is equivalent to the optical limit of the Glauber theory. We think that it is useful, at such energies, to disregard the internal structure or With this success, it is therefore of particular interest to study this model further in nucleus-nucleus high energy elastic scattering which may shed some light in the similarity in the hadron and nuclear interactions.
Following the coherent droplet model, we assume that 1) the elastic scattering is primarily diffractive, resulting from the absorption of the incident wave into inelastic channels, and 2) the absorption is proportional, for any impact parameter, to the total amount of interpenetrating nuclear matter.
From assumption 2) , we have th S-matrix at impact parameter b as (1) . .
where x is a possibly energy-dependent proportionality constant and p(b) are the two-dimensional densities (or the blackness of the objects). 5 In analogy with the absorption of a wave propagating through a medium, we may write the complete elastic scattering amplitude as
.. 2 q is the momentum transfer, k is the incident momentum, and q (2) where 2 = 2k (1-cos 8). We note that, in the optical limit of.the Glauber thoery, -4- LBL-1988 we have an identical expression, Eq. (2), for the scattering amplitude. In the case of the ·Glauber theory, the parameter x is complex and related to the nucleonnucleon scattering amplitudes. 4 In our calculation, :X is simply taken to be a constant to be determined by the total cross section. Equation (2) is a convenient starting point for calculations using impactarameter formalism. As an alternative, we would like to use angular momentum representation (or the partial wave expansion). To carry out the transformation, we first define the form factor G(q) as two dimensional Fourier transform of the density 
where e is the center of mass angle, 2 is the orbital angular momentum. The phase shift o£(k) is related to the projection of product form factor, or the phase shift function B£ (k), by 2o,e (k) ·= ixB,e (k). Here BR (k) is given by '
which is identical to the following expansion
We may interpret GA(q)GB(q) as the probability that the colliding heavy ions could sustain a momentum transfer q without being broken-up. It is also interesting to note that Eq. (8) is formally identical to the case of a singleparticle scattering from a composite system, where B_e(k) would be the partial wave amplitude associated with the form factor of the target alone.
We have now completed our basic formulation. For t.he differential cross section, we find it useful to introduce the invariant parameter t = _q 2 and the invariant differential cross section as dcr TI dt = k2 (11) -6- LBL-1988 For reference, the c.m. angular distribution is da/dn = k 2 (da/dt). The advantage of using the invariant cross section is that, in the asymptotic region where the parameter x is .a constant, it becomes independent of incident energy. This can be best seen from Eq. (2) where F(q)«k if S(b) is independent of energy.
The total cross section is given by the optical theorem as
For simplification, we first take the parameter x to be purely imaginary:
x = ix , where x is real and can be determined from a total cross section 0 0 measurement. Explicitly we have (13) In the aS!'Jttp"t"Otic energy region, the total section may be taken to be simply the geometric value:
where RA and RB are the radii of the colliding nuclei. This choice of the channel radius is probably consistant with the assumption that the nucleus would break up whenever there is any appreciable amount of overlap of the nuclear matter. This range of interaction is also consistant with low-energy optical model calculation for heavy-ion elastic scattering. 8
We may generalize the above discussion to allow the parameter x to be 0 '
complex. Let us replace x = (S+i)x in Eq. (1). Equation (8) for the scattering 0 amplitude is unchanged. However, the total cross section now does not uniquely ,.
.. 6 In our calculation, we therefore set a value of S·and use Eqs. (14) and (15) to determine x • As we shall show, the diffraction pattern presists even 0 for B to be as large as 0.5. More interestingly, we could determine the sign of S from experiment by nuclear-Coulomb interference at small angles, which can then be compared with the real part of free nucleon-nucleon forward amplitude.
This may give some insight to the degree of transparency in nucleus-nucleus scattering, as compared to nucleon-nucleon scattering.
III. MODEL CALCULATION
We would now like to apply the formulation to scattering of heavy ions. Since there are beams only of light nuclei availablem test this model, we would like to restrict ourselves only to these nuclei. Generally we may represent their density distribution by Gaussian or a simple modified Gaussian form. In this case the numerical calculation simplifies greatly by allowing analytic expressions for B 2 (k) in Eq. (8) . For other nuclei where a Woods-Saxon density distribution may be more appropriate, the impact parameter formalism may be simpler. c,J.
From Eq. (10), we obtain the following expression for B£(k):
where we have defined
The functions i_e(u) are the modified spherical Bessel functions of the first kind. 10 The nuclear r.m.s. radius R 
where the round bracket indicates a Wigner 3-j symbol, 11 ' and the functions f£(k) are the partial form factors associated with the individual nucleus, i.e.,
We note again that our formulas are applicable to particle-nucleus (25) scattering, if one of the form factors is properly chosen. In the Glauber theory, the projectile form factor will be related to nucleon-nucleon elastic scattering amplitude.
Before we discuss our results, we would like to recall the diffraction 12 pattern of a black-sphere scattering.
That is, if we take
the ratio of the differential cross sections is given simply by (27) where J 1 {qR} is the first order Bessel function. The factor 4 is due to the fact that lim J(x)/x = ~ . The effective radius is R = R 1
the well-known Fraunhofer diffraction. The cross section is sharply peak~d in the forward direction, with minima occuring at the zeros of J 1 (qR). We shall see that,
-10-LBL-1988 .
in the case of nucleus-nucleus and particle-nucleus collisions, this diffraction pattern is very rapidly attained, especially when the nucleus has a relatively sharp surface region. In the next section, we shall discuss the results of our calculation and compare them to particle-nucleus and the black-sphere scattering.
In our calculations, we do not take into account the Coulomb scattering, which is important only at very small angles at such high energies for light nuclei.
-ll- Fig. 1 , where we notice that the B 2 (k) and f£(k) do fall rapidly after a transient region of angular momentum, which would be sensitive to the nuclear surface. However, as we shall see, the smooth fall off in Fig. 1 results in quite similar differential cross section to a sharp cut-off model. This is probably due to a very large number of partial waves contributing to the differential cross section calculations, so that the transient region is relatively narrow.
With the phase shift functions B 2 (k), we may obtain the scattering amplitude F(q) in Eq. (8) , provided that the parameter xis determined from Eq. (13) or (15) . The values of the parameter x, the total cross section cr(tot)(k) and total elastic cross section cre 1 (k) are given in Table II , where we also show the ratio cre 1 /crtot" We note that not only the magnitudes of the total elastic cross section depends on the value of x, but also the diffraction pattern. In Fig. 2 Our purpose is to show that, even for such large S, the diffraction pattern still remain, except at very large momentum transfer. The maxima. are not, however, affected by the value of S. We note again that the diffraction patterns shown in Fig. 5 are independent of the incident energy (see the discussion following Eq. {11)).
In Table III product qR at the minima for all the reactions remain· constant and rather close to the black-sphere values (see the discussion following Eq. (27)). This feature is particularly interesting if we recall that the B~(k) in Fig. 1 do not seem to have a very sharp cutoff in£. Nevertheless, a cutoff is shown in Fig. 1 may be deemed "sharp" as far as producing the minima is concerned.
•' ·, -13-We now compare the region of mementum transfer near the first diffraction minimum of heavy-ion scattering to those of particle-nucleus and proton-proton scattering in Fig. 4 . These three types of scattering cover a very large range of mementum transfer. The large size of heavy ions emphasizes the importance of the very small momentum transfer region.
We have now shown the general behavior of the differential cross section in heavy-ion scattering. The most interesting feature of OUr study is the regularity of the diffraction minima, expressed in terms of the values of qR, as shown in Table III . To illustrate this property further, we plot the relative cross section (dcr/dt)/(dcr/dt)t=O versus qR in Fig. 5 . It is quite interesting that the cross sections seem to scale, especially within the first minimum. We .
. 16 16 . 12 12 not~ce that the cross sect~on of 0-0 is nearly equal to that of C-C scattering at all momentum transfer. This seems to be a limiting case for heavyion scattering. In Fig. 5 , we also compare our results to black-sphere scattering.
Although the minima are predicted by the black-sphere model, the magnitude is generally too large at large momentum transfer. There is more large-angle.
scattering in the black-sphere model, due to the sharp surface. For a nucleus with more diffused surface, such as -14-
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Finally we would like to demonstrate one more property of the model.
4
If we increase or decrease the radius of He, the total cross section (therefore the absorption parameter x) and the total elastic scatterings cross section will all be changed, but the plot in the coordinates qR of Fig. 5 will not be very much changed. We show such an effect in Fig •. 6,·where we have increased or decreased the radius by about 10%. The diffraction pattern remains the same.
This property would also appear in the optical limit calculation of the Glauber theory as applied to particle-nucleus scattering at high.energies. It is worth- We would also like to mention that a similar approach has been applied to low-energy heavy-ion elastic scattering. 16 ... . .
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